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Abstract

This study presents a numerical analysis of Joule heating effect on the electroosmotic flow and mass species

transport, which has a direct application in the capillary electrophoresis based BioChip technology. A rigorous

mathematic model for describing the Joule heating in an electroosmotic flow including the Poisson–Boltzmann

equation, the modified Navier–Stokes equations and the energy equation is developed. All these equations are coupled

through the temperature-dependent liquid dielectric constant, viscosity, and thermal conductivity. By numerically

solving the aforementioned equations simultaneously, the double layer potential profile, the electroosmotic flow field,

and the temperature distribution in a cylindrical microcapillary are computed. A systematic study is carried out to

evaluate the Joule heating and its effects under the influences of the capillary radius, the buffer solution concentration,

the applied electric field strength, and the heat transfer coefficient. In addition, the Joule heating effect on sample species

transport in a microcapillary is also investigated by numerically solving the mass transfer equation with consideration

of temperature-dependent diffusion coefficient and electrophoresis mobility. The simulations reveal that the presence of

the Joule heating could have a great impact on the electroosmotic flow and mass species transport.

� 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

Electroosmosis refers to liquid flow induced by an

applied external electric field along electrostatically

charged surfaces. It is one of the basic electrokinetic

phenomena and has been found a variety of practical

applications such as dewatering of waste sludge and

removing heavy metal ions from soils for environmental

remediation [1]. During recent years, due to the rapid

development of Lab-on-a-chip (or Biochip) technology,

the electroosmosis is being utilized extensively as the

driving forces to manipulate liquid flows such as

pumping, valving, mixing, splitting etc., and to transport

and control liquid samples of nanovolumes in micro-
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fluidic devices used for chemical and biological analysis

and medical diagnosis [2,3].

In the literature, a great deal of information has been

generated on electroosmotic flow in microcapillaries of

various geometric domains such as slit parallel plate [4],

cylindrical capillary [5,6], annulus [7], elliptical pore [8],

rectangular microchannel [9], and T and Y microchannel

structures [10]. Noticing that above mentioned studies of

electroosmotic flow focus on fully developed status only,

Yang et al. [11] simultaneously solved the coupled

Poisson equation, Nernst–Planck equation, and full

Navier–Stokes (N–S) equation to study the time and

space development of electroosmotic flow in a two-

parallel plate microchannel. Recently, Santiago [12]

analyzed the effects of fluid inertia and pressure on the

velocity and vorticity fields of an electroosmotic flow.

However, all aforementioned studies assume a neg-

ligible effect of Joule heating on electroosmotic flow. It is

well known that the so-called Joule heating is generated
ed.
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Nomenclature

C ionic concentration of the electrolyte (M)

Ci mass concentration of the ith species (M)

cp specific heat capacity of the electrolyte

(J kg�1 K�1)

DiðT Þ diffusion coefficient of the ith species

(m2 s�1)

E strength of the applied electric field (Vm�1)

e fundamental charge (1.602 · 10�19 C)

h heat transfer coefficient (Wm�2 K�1)

I electrical current density (Am�2)

kb Boltzmann constant (1.38 · 10�23 JK�1)

klðT Þ thermal conductivity of the electrolyte so-

lution (Wm�1 K�1)

ks thermal conductivity of the capillary wall

(Wm�1 K�1)

L capillary channel length (m)

nþ, n� local number concentration of cations and

anions, respectively (m�3)

n0 bulk number concentration of ions in the

electrolyte solution (m�3)

Pr Prandtl number

_qq Joule heat generation (Wm�3)

r coordinate in radial direction

R radius of the capillary (m)

Re Reynolds number

Sc Schmidt number

t time (s)

T temperature (K)

T0 surrounding temperature (K)

Us Smoluchowski velocity (m s�1)

uzi, uri electrophoretic velocity of the ith species

in axial and radial direction, respectively

(m s�1)

vz, vr electroosmotic flow velocity in axial and

radial direction, respectively (m s�1)

z coordinate in axial direction

Greek symbols

a thermal diffusivity (m2 s�1)

e0 permittivity of vacuum (8.85 · 10�12

CV�1 m�1)

eðT Þ relative dielectric constant of the electrolyte

f zeta potential of the capillary wall (V)

gþ, g� the number of moles of cation and anion in

the electrolyte, respectively (M)

j Debye–H€uuckel parameter (m�1)

k electrical conductivity of the electrolyte so-

lution (Sm�1)

kþ, k� equivalent ionic conductivity of the cations

and anions, respectively (m2 Smol�1)

lðT Þ viscosity of the electrolyte solution (Pa s)

r valence of the ions of the electrolyte solution

q density of the electrolyte solution (kgm�3)

qe local net electrical charge density in the

electrolyte solution (Cm�3)

U thermal viscous dissipation (Wm�3)

w local electrical potential (V)

Subscript

ref reference parameters
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when an electric field is applied across conductive liq-

uids. Such Joule heating not only can cause temperature

increase but also may create temperature gradient. The

change of liquid temperature and the presence of tem-

perature gradient would have an impact on the electro-

osmotic flow and bio-sample transport and separation.

Previous studies [13–20] have amply demonstrated

that the effects of Joule heating can result in low

column separation efficiency, reduction of analysis

resolution, and even loss of injected samples. In addi-

tion, temperature rise can lead to the decomposition of

thermally labile samples and the formation of gas bub-

bles.

Theoretical and experimental studies of the Joule

heating and its effects on sample separation have been

reported in the literature. Simplified theoretical analyses

were conducted to obtain analytical expressions for the

effect of the Joule heating on buffer solution mean

temperature, electroosmotic velocity and electrophoretic

mobility. Knox and McCormack [13,14] used three dif-
ferent methods to calculate the mean temperature

change due to Joule heating. Grushka et al. [15] exam-

ined the effect of temperature difference on the efficiency

of the capillary zone electrophoresis using a parabolic

temperature distribution assumption. Jones and Gru-

shka [16] used a simplified one-dimensional model to

verify that the parabolic temperature profile is valid for

low input powers, but the parabolic profile is distorted

for high input powers. Recently, Bosse and Arce [17,18]

carried out systematic studies of Joule heating effect on

dispersive mixing in electrophoretic cells, focusing on

both hydrodynamic and convective-diffusive transport

aspects. However, their analysis is only limited to elec-

trophoretic cells where the two ends of the cell are

closed. Furthermore, their models do not include

electroosmotic flow.

Many experimental studies of Joule heating in the

capillary electrophoresis (CE) have been report since

Knox and McCormack [13]. Swinney and Bornhop [19]

measured the Joule heating in a chip-scale CE by using a
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novel picoliter volume interferometer. Their results

showed that the Joule heating effects on chip-based CE

have been underestimated and hence there is a need to

readdress the theoretical model. Gobie and Ivory [20]

proposed a method to compensate sample’s electro-

phoretic velocity distortion by inducing an opposing

Poiseuille flow. As a result, the sample velocity exhibits a

nearly flat profile, and a good improvement was ob-

served.

Nonetheless, previous model developments are either

empirical or based on simplified theories, and hence they

cannot provide detailed information about the nature of

the Joule heating in CE processes. Further, based on

available experimental techniques, only averaged-data

for temperature and sample concentration can be ob-

tained. This study therefore attempts to increase our

understanding of the thermal aspects of electroosmotic

flow and electrophoresis so as to achieve a better design

and process control of the CE. To our best knowledge,

this is the first to provide an in-depth analysis of the

Joule heating and its effects on the electroosmotic flow

and sample transport based on rigorous mathematical

models. The structure of the paper is organized as fol-

low: First, the problem of Joule heating in CE is formed,

and theoretical models are developed to include the

Poisson–Boltzmann (P–B) equation, equation of mo-

tion, and energy equation for describing the electrical

potential profile, electroosmotic flow field, and temper-

ature distribution due to Joule heating, respectively. All

the three equations are coupled by taking into account

of temperature-dependent thermophysical properties.

Then, the model of sample species transport in the

capillary is also formulated. The mathematical models

are numerically solved using a finite-volume based CFD

technique. Computations for double layer potential,

velocity, temperature and sample concentration distri-

butions in a microcapillary are performed under influ-

ences of the radius of capillary, the concentration of

electrolyte solution, the strength of applied electrical

field, and the heat transfer coefficient outside capillary

wall.
Fig. 1. Schematic diagram of the circular microcapillary.
2. Problem formulation

In electroosmotic flow, the motion of the fluid is

mainly caused by an applied electric field. No external

pressure difference between the inlet and outlet reser-

voirs is imposed. The model developed in this study

includes the P–B equation governing the electrical po-

tential distribution, the modified N–S equations de-

scribing the motion of liquid driven by electrokinetic

body forces, and the energy equation governing the

temperature field due to Joule heating. Since liquid

properties including the dielectric constant, the liquid

viscosity, and the liquid thermal conductivity are tem-
perature dependent, the P–B equation, the N–S equa-

tions, and the energy equation are strongly coupled.

Moreover, in view of the fact that electroosmotic flow is

mainly used for delivering and separating chemical or

biological samples, the mass species transport equation

is therefore included into the model development to

examine the Joule heating effect. In addition, the com-

putational domain in the present work is chosen as a

cylindrical microcapillary, which is widely used in sev-

eral bioengineering processes such as CE and high-

performance liquid chromatography.

2.1. The Poisson–Boltzmann equation

Consider an electroosmotic flow in a cylindrical mi-

crocapillary of an inner radius, R and a length, L as

shown in Fig. 1. When a solid surface is in contact with a

polar medium, the surface usually becomes charged [21].

Due to electrostatic interactions, both co-ions and

counter-ions are preferentially redistributed near the

charged surface, leading to the formation of an electrical

double layer (EDL). According to the theory of elec-

trostatics, the electrical potential distribution, wðr; zÞ is

governed by the Poisson equation [1,21],

1

r
o

or
reðT Þ ow

or

� �
þ o

oz
eðT Þ ow

oz

� �
¼ � qe

e0
ð1Þ

where eðT Þ is the dielectric constant of the electrolyte

and is considered as a function of temperature, ex-

pressed by eðT Þ ¼ 305:7 exp � T
219

� �
. In this study, the

ionic concentration distributions for both anions and

cations are assumed to follow the Boltzmann distribu-

tions [9], and for a symmetric electrolyte (i.e., the co-ions

and counter-ions have same charge valence, jrþj ¼
jr�j ¼ r), they can be written as [9],

nþ ¼ n0e�rew=kbT nþ ¼ n0erew=kbT ð2Þ

Then the local charge density, qe is given by

qeðr; zÞ ¼ reðnþ � n�Þ ¼ �2ren0 sinh
rew
kbT

� �
ð3Þ
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Combining Eqs. (1) and (3), we can obtain the P–B

equation

1

r
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or
reðT Þ ow

or

� �
þ o

oz
eðT Þ ow

oz

� �
¼ 2ren0

e0
sinh

rew
kbT

� �
ð4Þ

Introducing the following non-dimensional parameters:

�rr ¼ r
R

�zz ¼ z
R

�ww ¼ rew
kbT

�ee ¼ eðT Þ
eref

ð5Þ

Eq. (4) can be further expressed in dimensionless

form as,

1

�rr
o

o�rr
�rr�ee

o �ww
o�rr

" #
þ o

o�zz
�ee
o �ww
o�zz

" #
¼ 2R2r2e2n0

erefe0kbT
sinhð �wwÞ

¼ ðjRÞ2 sinhð �wwÞ ð6Þ

where eref is dielectric constant of the solution at room

temperature (i.e., Tref ¼ 20 �C), and it is chosen to be 80

in all the computation unless specified otherwise.

j ¼ 2n0r2e2

eref e0kbT

	 
1=2

is the Debye–H€uuckel parameter, and its

reciprocal represents the EDL thickness. In the litera-

ture, jR is called the electrokinetic radius. It character-

izes the ratio of the geometric dimension to the EDL

thickness, and hence denotes the relative contribution

of the EDL effect.

2.2. The modified Navier–Stokes equations and energy

equation

Different from the conventional pressure-driven

flows, the driving force of the electroosmotic flow is due

to the interaction between the net charge density in the

EDL and the applied electric field. Therefore, the con-

tinuity and momentum equations describing a laminar,

incompressible, steady flow of an electrolyte solution

with temperature-dependent viscosity are modified to [1]
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where q is the density of the electrolyte solution, l is the

viscosity of the electrolyte solution and its dependence

of temperature is given by lðT Þ ¼ 2:761� 10�6 exp 1713
T

� �
,

and E is the strength of an externally applied electric

field along the axial direction.

The energy equation taking into account of the

temperature-dependent thermal conductivity of the

electrolyte solution (expressed by klðT Þ ¼ 0:6þ 2:5�
10�5T ) can be expressed as

qcp vr
oT
or

�
þ vz

oT
oz

�
¼ 1

r
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rklðT Þ

oT
or

� �
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þ U þ _qq ð9Þ

where cp is the specific heat capacity of the electrolyte

solution. In Eq. (9), the heat source consists of viscous

dissipation (U) and Joule heating ( _qq). Heat generation

due to viscous dissipation is given as [1]

U ¼ 2lðT Þ ovr
or

� �2
"

þ ovz
oz

� �2
#
þ lðT Þ ovr

oz

�
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or

�2

ð10Þ

According to the Ohm’s law, the heat generation due to

Joule heating can be expressed as

_qq ¼ I2

k
ð11Þ

where I is the electrical current density in the solution

and k is the electrical conductivity of the electrolyte and

is given as

k ¼ kþgþ þ k�g� ð12Þ

Here kþðT Þ ¼ kþ0 þ 0:025kþ0ðT � 298:13Þ and k�ðT Þ ¼
k�0 þ 0:025k�0ðT � 298:13Þ are ionic conductivity of the

cation and anion of the electrolyte, respectively, gþ and

g� respectively denote the mole concentration of cations

and anions of the electrolyte. In this situation, the

electrical current density includes two parts, one is due

to the applied electric field imposing on the conductive

solution (Ek), the other is due to the net charged density

moving with the fluid flow (vzqe). Therefore the electrical

current density, I can be further expressed as

I ¼ vzqe þ Ek ð13Þ

Substituting Eqs. (12) and (13) into Eq. (11), we can

obtain the following

_qq ¼ ðvzqe þ EkÞ2

k
ð14Þ

The above governing equations can be non-dimension-

alized by introducing the following dimensionless pa-

rameters:

�vvz ¼
vz
Uref

�vvr ¼
vr
Uref

P ¼ p
qU 2

ref

�ll ¼ lðT Þ
lref

ð15aÞ
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�kkl ¼
klðT Þ
kref

T ¼ T � Tref
T0 � Tref

Re ¼ qRUref

lref

Pr ¼ lref

kref=Cp
ð15bÞ

where Uref , lref , kref , and Tref are the reference velocity,

dynamic viscosity, thermal conductivity, and tempera-

ture, respectively, Re is the Reynolds number, and Pr
is the Prandtl number. Therefore, Eqs. (7)–(10) and

Eq. (14) in dimensionless form are expressed as

1
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�_qq_qq ¼ _qq
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where A, B are dimensionless parameters, and physically

they represent the ratio of the ionic electrostatic energy

to kinetic energy and the ratio of the thermal energy to

kinetic energy, respectively. The above equations are

subject to the following boundary conditions [22]:

At the Inlet, �zz ¼ 0

T ¼ Tf �ww ¼ 0
o�vvz
o�zz

¼ 0
o�vvr
o�zz

¼ 0 ð20aÞ

For the channel length assumed to be sufficiently long,

the flow is fully developed at the outlet, �zz ¼ L=R, and
hence the outlet boundary conditions are

o2T
oz2

¼ 0
o �ww
o�zz

¼ 0
o�vvz
o�zz

¼ 0
o�vvr
o�zz

¼ 0 ð20bÞ

Due to the symmetry, the boundary conditions at the

cylinder centerline, �rr ¼ 0 are
oT
o�rr

¼ 0
o �ww
o�rr

¼ 0
o�vvz
o�rr

¼ 0 �vvr ¼ 0 ð20cÞ

At the capillary wall, �rr ¼ 1, the following are specified

�ww ¼ �ff �vvz ¼ 0 �vvr ¼ 0 ð20dÞ

where �ff is the dimensionless zeta potential defined as
�ff ¼ ref=kbT .

The temperature at the inner capillary wall is un-

known. Since the heat generated by Joule heating and

viscous dissipation in the electrolyte solution is mainly

dissipated through the capillary wall to the surrounding

environment, a conjugate heat transfer problem is solved

to account for heat conduction in both the solution and

the capillary wall [22]. The governing equation for heat

conduction in the capillary wall is expressed as

1

�rr
o

o�rr
�rr�kks

oT
o�rr

� �
þ o

o�zz
�kks
oT
o�zz

� �
¼ 0 ð21aÞ

The temperature boundary condition at the channel

outside wall is

� �kks
oT
o�rr






�rr¼1þd=R

¼ hR
kref

ðT � 1Þ ð21bÞ

where d is the thickness of the capillary wall, �kks is di-

mensionless thermal conductivity of the glass capillary,

and h is the heat transfer coefficient outside the capillary.

2.3. Mass species transport equation

So far, the closure governing equations describing the

Joule heating and its effect on electroosmotic flow in a

microcapillary have been presented. Since electro-

osmotic flows are often used for injection, delivery and

separation of biological or chemical samples, such as the

separation of DNA [2], another objective of this work is

to study the role of Joule heating in the sample species

transport.

Consider a sample species of interest to be trans-

ported between two reservoirs in a capillary filled with

an electrolyte solution. For analysis, assumptions are

made for no adsorption of sample species onto the

capillary wall and no interaction between sample species

and the electrolyte solution components. As the species

transported by electrokinetic means in general is ac-

complished by three mechanisms including convection,

diffusion, and electrophoresis, the mass transport equa-

tion can be formulated as [23],

oCi

ot
þ ðvz þ uziÞ

oCi

oz
þ ðvr þ uriÞ
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or
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where Ci is ith sample species concentration, DiðT Þ is the
temperature-dependent mass diffusivity of the ith sample

species, DiðT Þ ¼ Di0 þ 0:0309Di0ðT � 293:13Þ (here Di0

is the mass diffusivity of the ith sample species at

293.15 K), and uzi and uri are the components of the

electrophoretic velocity in axial direction and radial di-

rection, respectively. Introducing the following dimen-

sionless parameters:

Ci ¼
C
Ciref

�tt ¼ t
qR2=lref

Di ¼
DiðT Þ
Diref

ð23Þ

Eq. (23) can be non-dimensionalized as

oCi

o�tt
þ Reð�vvz þ �uuziÞ

oCi

o�zz
þ Reð�vvr þ �uuriÞ

oCi

o�rr

¼ 1
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1

�rr
o

o�rr
�rrDi

oCi

o�rr

� ��
þ o

o�zz
Di

oCi

o�zz

� ��
ð24Þ

where Ciref and Diref are respectively the reference con-

centration and mass diffusivity of the ith species, and Sc ¼
lref =q
Diref

is the Schmidt number. The initial condition is

t ¼ 0: Ci ¼ 0:0 ð25aÞ

The boundary conditions are

Inlet: �zz ¼ 0 Ci ¼ 1:0

Outlet: �zz ¼ L=R
o2Ci

o�zz2
¼ 0

ð25bÞ

Centerline: �rr ¼ 0
oCi

o�rr
¼ 0

Capillary wall: �rr ¼ 1
oCi

o�rr
¼ 0

ð25cÞ

The numerical scheme used for solving the proposed

mathematical models is based on the finite volume

method [24]. The above-derived P–B equation, Eq. (6),

modified N–S equations, Eqs. (16)–(17), energy equa-

tions, Eqs. (18) and (21a), and mass species transport

equation, Eq. (24) are discretized using a control volume

integration. The non-linear source term in Eq. (6) is

linearized using the source term linearization procedure

of Patankar [24]. The electroosmotic flow fields are ob-

tained by solving Eqs. (16)–(17) using SIMPLER [24].

To solve the discrete algebraic equations, the line-by-line

Tridiagonal Matrix Algorithm (TDMA) scheme is em-

ployed. Due to the coupling, Eq. (6) and Eqs. (16)–(18)

and (21a) are solved iteratively to obtain the velocity

and temperature fields first. The species concentration

distribution in the microcapillary described by Eq. (24)

is then computed using the converged results of the

velocity and temperature fields. A grid independent

study indicates that 60· 120 control volumes in the

radial and axial directions produces grid independent

solutions. As such, all results reported in this article are

obtained using the above-mentioned grid system.
3. Results and discussion

In this study, the microcapillaries considered are

made from silica glass and have a length of L ¼ 50 mm

and different radii but a fixed wall thickness of d ¼ 70

lm (e.g., Polymicro Technologies, USA). The working

fluid is NaCl solution and its properties are: density

q ¼ 998 kg/m3, electric conductivity (at room tempera-

ture 20 �C) kþ0 ¼ 50:08� 10�4 m2 S/mol and k�0 ¼
76:31� 10�4 m2 S/mol [25]. DNA species is chosen as the

sample transport in the microcapillary, and its mass

diffusivity and electrophoretic mobility (at 20 �C) are

Di0 ¼ 2:03� 10�11 m2/s and uzi0 ¼ uri0 ¼ 2:74� 10�8 m2/

V s, respectively [26]. Parametric studies including cap-

illary radius, solution concentration and zeta potential,

applied electric field strength, and heat transfer coeffi-

cient are carried out to quantitatively examine the Joule

heating effect on the electroosmotic flow and mass spe-

cies transport.

3.1. Effect of the capillary size

The radial temperature distributions (in the thermal

fully developed regime) in the liquid solution and the

solid capillary wall for three different capillary radii are

shown in Fig. 2a. It is seen that the temperature distri-

butions in the liquid exhibit a parabolic-like pattern,

supporting the assumptions made by Grushka and co-

authors [17,18]. This also shows that the heating due to

viscous dissipation is not important. However, the par-

abolic shape seems to vary from case to case, depending

parametric conditions. The highest temperature occurs

at the capillary centerline, suggesting that the heat gen-

erated by Joule heating is transferred from the central

region to the wall by convection, and then dissipated

through the capillary wall by conduction. Further, un-

der the same physicochemical conditions, E ¼ 500 V/cm,

C ¼ 0:1 M, f ¼ �50 mV, and h ¼ 10 W/m2 K, the tem-

peratures of both the liquid solution and solid wall in a

large capillary (R ¼ 200 lm) are significantly higher than

those in a small capillary (R ¼ 50 lm). The same trend

can also be observed in the plots of the axial bulk tem-

perature profile of the liquid solution in capillaries

shown in Fig. 2b. The scenario may be attributed to the

fact that as the capillary size becomes larger, the surface

area-to-volume ratio becomes smaller, leading to a lower

ratio of the heat dissipation (measured by surface) to the

Joule heat generation (defined by volume). However,

from a practical design viewpoint, choice of small-sized

capillaries may be problematic because the sample spe-

cies adsorption is enhanced for small capillaries the

detection sensitivity will decrease and.

In addition, according to Yang et al. [11], the hy-

drodynamic entrance length of electroosmotic flows is

negligible due to very low Reynolds numbers. In the

present study, the typical Reynolds number is about
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bution and (b) axial solution bulk temperature profile.
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Re ¼ 0:01, giving rise to the entrance regime of the hy-

drodynamic flow of about 1% of the capillary radius

only [11]. However, the thermal entrance due to Joule

heating in electroosmotic flow is quite significant (see

Fig. 2b). The thermal entrance length is approximately

about ten times as large as the capillary radius.

Fig. 3 shows the dimensionless fully developed

electroosmotic flow velocity distributions for three dif-

ferent capillary radii. In all computations, the reference

velocity is defined as Uref ¼ ðerefe0=lrefÞEf unless speci-

fied otherwise. In the absence of Joule heating, the

velocity profile is uniform throughout most of the cap-

illary. The unity dimensionless velocity indicates that the

maximum velocity is determined by the Smoluchowski
velocity [1], Us ¼ ee0Ef=l, and is independent of the

capillary radius. While in the presence of Joule heating,

as previously discussed, the fluid temperature increases

with capillary size. This leads to lower liquid viscosity

which in turn results in higher fluid velocity as shown

in Fig. 3. It is also observed that the velocity reaches a

maximum value near the capillary wall. This is expected

because the driving force in an electroosmotic flow is

due to the interplay between the applied electric field

and the net electric charge density that only exists within

the thin EDL regime close to the wall. The flow ex-

tended to the rest region of the capillary is passive, and

is attributed to hydrodynamic shear stresses due to vis-

cosity.

Variation of the sample mean concentration along

the axial direction for different capillary radii (at a spe-

cific time of t ¼ 10 s) and evolution of the sample species

concentration distributions in a capillary are shown in

Figs. 4 and 5, respectively. Because of the low diffusion

coefficient of sample species (for DNA, Di ¼ 10�11 m2/s

[26]), we can estimate the order of the Peclet number,

Pe ¼ �uuR=Di is of Oð102Þ, suggesting that the species

transport is dominated by convection and mainly

transported with the flow. Under the case of no Joule

heating effect, it is noted that the sample concentration

transport is independent of the capillary size (see Fig. 4)

and exhibits non-dispersive (see Fig. 5); these are unique

advantages used in the BioMEMS design [3]. In the

presence of Joule heating, it is noted from Fig. 4 that the

sample species transports much faster in larger capil-

laries due to an increase of the electroosmotic velocity

(see Fig. 3). In addition, since the sample electrophoresis

mobility increases with increasing temperature, the

presence of radial temperature gradient gives rise to a
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Fig. 5. Evolution of species concentration distributions in the

capillary of R ¼ 100 lm at different time without/with Joule
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variation of the sample axial electrophoresis mobility

along the radial direction, and hence results in the

sample species very dispersive. While the direction of the

electrophoresis velocity for negatively charged samples

(e.g., DNA species) is opposite to electroosmosis veloc-

ity, we can clearly observe from Fig. 5 that the sample

species in the central region transports much slower than

that close to the wall region, and such difference gets

larger as time elapses. This finding suggests that as the
Joule heating is concerned, the dispersive effect needs to

be considered in the BioMEMS design.

3.2. Effect of the solution concentration

Fig. 6a and b present the radial temperature distri-

butions and the axial bulk temperature profile in a

capillary for three different solution concentrations, re-

spectively. It is well-known that the capillary zeta po-

tential is correlated to the solution concentration [21].

Hence, a variation of the zeta potentials is also included,

and they are C ¼ 10�4 M (f ¼ �150 mV), C ¼ 10�2 M
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(f ¼ �100 mV), and C ¼ 10�1 M (f ¼ �50 mV). Other

parameters are: R ¼ 100 lm, E ¼ 500 V/cm, and h ¼ 10

W/m2 K. According to Eq. (14), the heat generation due

to Joule heating _qq ¼ ðvzqe þ EkÞ2=k is associated with

the liquid electrical conductivity, k, which in turn de-

pends on the solution concentration. Hence, as expected,

the solution temperature rise increases with increasing

solution concentration. This indicates that the Joule

heating can be safely neglected for dilute electrolytes

(e.g., C ¼ 10�4 M). However, for an electrolyte of high

concentrations (e.g., C ¼ 10�1 M), the Joule heating

effect under parameters studies can lead to a 20 �C
temperature increment, which has an impact on the

electroosmotic flow velocity distributions (shown in Fig.

7) and the variation of the mean sample species con-

centration along the axial direction (shown in Fig. 8).

From Fig. 7, it can be seen that, due to large values of

the electrokinetic radius, jR, the solution concentration

itself has negligible effects on the dimensionless velocity

distributions. However, as can be predicted from the

Smoluchowski equation [1], Us ¼ ½eðT Þe0=lðT Þ	Ef, the

magnitude of the velocity is proportional to the zeta

potential, which is related to the solution concentration

as mentioned earlier. This is clearly demonstrated in Fig.

8 that the sample species moves much further into the

capillary as the high zeta potential increases. In addition,

according to Eq. (14), _qq ¼ ðvzqe þ EkÞ2=k, the Joule

heating consists of two contributions: the first is due to

the convection electric current, vzqe, and the second is

related to the conduction electric current, Ek. Based on

the EDL theory, the electric net charge density, qe which

is mainly determined by the zeta potential, only exists
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Fig. 7. Solution radial velocity distributions with/without Joule

heating effects for various combinations of the solution con-

centration and zeta potential.
within the thin EDL regime close to the capillary wall.

In other words, in the majority portion of the capillary

(larger than 98%), qe is nearly zero. Thus, as indicated in

Fig. 8, the results show both the electroosmotic flow

velocity and zeta potential have insignificant effects on

Joule heating. The major contribution to Joule heating is

due to the conduction current, Ek, which, in turn, is

related to the solution concentration.

3.3. Effect of the applied electric field

As discussed earlier, the contribution to Joule heating

due to the convection electric current, vzqe is minor. If

neglecting vzqe, we can simplify Eq. (14) to _qq 
 E2k,
suggesting the Joule heating would strongly depend on

the applied electric field strength, E. The quantitative

supporting evidences are shown using the radial tem-

perature distributions (Fig. 9a) and the axial mean

temperature profile (Fig. 9b) in a capillary for three

different electric field strengths. Other parameters used

in calculations are: R ¼ 100 lm, C ¼ 0:1 M, f ¼ �50

mV, and h ¼ 10 W/m2 K. The results in Fig. 9a and b

show that for parameters considered, the Joule heating

effect under low field strength is negligible (e.g., E ¼ 100

V/cm). Under high electric field strength, for instance

E ¼ 1000 V/cm, the present single-phase model predicts

that the solution temperature can increase up to above

100 �C, and hence vapor bubbles could be generated.

The experimental evidence of the presence of vapor

bubbles under high electric fields was reported in the

literature. Figs. 10 and 11 respectively show the effects

of applied electric field on electroosmotic flow velocity
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distributions and the variation of the mean sample

species concentration along the axial direction with and

without consideration of the Joule heating. Similar to

the capillary radius and zeta potential, a change of the

field strength does not affect the non-dimensional ve-

locity distribution if the Joule heating is not included. In

the presence of Joule heating, a temperature increment

causes the velocity distribution to deviate from the

normal situation. It is interesting to find that under the

highest electric field considered in this study, the velocity

distribution at the central region does not show any

depression as those observed in Figs. 3 and 7. A possible
explanation is that the high electric field can result in

very strong driving forces for the electroosmotic flow. It

seems further studies are needed in future to confirm this

argument.

3.4. Effect of the heat transfer coefficient

In most commercial CE systems, the cooling systems

are required to ensure effective heat removal. Therefore
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the effect of the heat transfer coefficient outside the

capillary wall is investigated. Three different heat

transfer coefficients namely: 1, 10 and 100 W/m2 K, are

considered. These correspond to the nature convective

cooling system, air forced-convection system and liquid

forced-convection system, respectively. Other parame-

ters used in calculations are: R ¼ 100 lm, E ¼ 500 V/cm,

C ¼ 0:1 M, and f ¼ �50 mV. The calculated radial

temperature distributions and the axial bulk tempera-

ture profiles in a capillary under the influence of the heat

transfer coefficient are presented in Fig. 12a and b, re-

spectively. Interestingly, the shape of radial temperature
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Fig. 12. Temperature distributions in the capillary and its solid

wall under the influence of the heat transfer coefficient outside

the capillary wall: (a) radial temperature distribution and (b)

axial solution bulk temperature profile.
distributions is almost the same, irrespective of different

heat transfer coefficients. Figs. 13 and 14 show the

electroosmotic flow velocity distributions and the vari-

ation of the mean sample species concentration along

the axial direction, respectively. The results demonstrate

that the choice of cooling system has a strong impact on

the electroosmotic flow velocity and sample transport in

microcapillaries.
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Fig. 13. Solution radial velocity distributions in a microcapil-

lary under the influence of the heat transfer coefficient outside

the capillary wall.
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4. Concluding remarks

A rigorous mathematic model for describing the ef-

fect of Joule heating on the electroosmotic flow and

sample species electrokinetic transport in microcapil-

laries is developed. The proposed model includes the P–

B equation for the EDL field, the N–S equations for

electroosmotic flow velocities, the conjugate energy

equation for temperature distributions in both liquid

solution and solid capillary wall, and the electrokinetic

transport equation for sample species concentration

distributions. Thermophyscial properties including the

solution dielectric constant, viscosity, and thermal con-

ductivity and sample species mass diffusivity and elec-

trophoretic mobility are considered to be temperature-

dependent. The aforementioned equations are numerical

solved using a finite-volume-based CFD technique.

The simulations demonstrate that the presence of

Joule heating could have a great impact on the elect-

roosmotic flow and sample species transport. It is found

that the Joule heating effect is significant for large-sized

capillaries, concentrated buffer solutions, high externally

applied electric field strengths, and poor cooling modes

outside the capillary. The results show that the Joule

heating causes the development of both radial and axial

temperature distributions in the capillary. The temper-

ature increment and the presence of temperature gradi-

ents could lead to a deviation of the electroosmotic flow

velocity from its normal profile, and also make the

sample species axially transport faster and more dis-

persive along the radial direction of the capillary. In

addition, the calculations reveal that compared to the

conduction current, the contribution to the Joule heat-

ing due to convection current is negligible under the

parameters studied. Future studies will include devel-

opment of an experimental setup to verify the simulation

results, which is in process now.
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